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The purpose of this paper is to prove the following result:
T H E O R E M . Let P be a projective plane of order 9 which possesses an
involutory collineation. Then P is isomorphic to one of the four known planes
of order 9: Desargues, Hughes, and two Hall planes.
ProoJ  Let P be a projective plane of order 9 which possesses an
involution t. If r is a Baer involution, then the fixed structure of 7 is a
subplane  P, of order 3. Then P is a known plane of order 9 by [2].
Hence, we may assume that 7 is a homology. By a procedure described in
[ 1 ] we get from P and 7 a homology semi-biplane 9 with 9 points on a line.
Therefore, we classify at first all homology semi-biplanes 9 with 9 points on
a line. See also [ 1) for necessary definitions and a discussion of semi-
biplanes.
The 40 points of 9 are l,, l,, l,, 1, ,...,  lo,,,  lo,,  lo,, lo,, where
(i,,  i, , i, , i3}  is “a system” of points, i = 1, 2 ,..., 10.
For the first parallel class we may set:
1, = 2, 3, 4, 5, 6, 7, 8, 9, 10,
1,=2, 3, 4, 5, 6, 7, 8, 9, 10,
1, = 2, 3, 4, 5, 6, 7, 8, 9, 10,
1, = 2, 3, 4, 5, 6, 7, 8, 9, 10 ,
and in the second parallel class we omit at the moment the points 1 0, 1, , 1 2,
1 3 and we may assume that no one of the points 2,, 2,, 2,)  2, occurs in the
second parallel class.
For the first line 1, in the second parallel class we may set:
1,=3, 4,5, 6, 7, 8, 9, 10,
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and the automorphisms of (I 1, 1 >,...,  4) are (3,4),  (5,6),  (7,8),  (9,  lo), and
A N x4, where the permutations in A are defined in the following way:
We define two maps t, and t, on (0, 1,2,3 }:
o”-3 012’4
l-5 l-6
2 - 7 2-8
3 - 9 3- 10.
Then for each permutation a on {0, 1,2,3} we define the permutation 01’ on
our 40 points of 9 as follows:
(i,)“’  = ((ipyxn
for all i = 3,5,7,9 and xE (0,  L&3}
and
(jJ@ = ((j)'~'~~2)xn
for all j = 4,6,8,  10 and XE {O, 1,2,3}.
Then A is the collection of all a’ and obviously A N x4.
We assume at first that in the other lines I,, I,,  I, of the second parallel
class the indices at each of (3,4), {5,6},  {7,8),  (9, 10) are equal.
Then we may use the well-known result that there are up to isotopy
exactly two Latin squares of order 4 and we may write:
Case 1 (cyclic case, Desargues).
l,= 1 , 3, 4, 5 , 6 , 7, 8, 9, 10,
I,= 1 , 3 , 4, 5, 6, 7, 8, 9, 10,
1,  = 1 , 3, 4, 5, 6, 7, 8, 9 , 10 ,
I ,= 1 , 3 , 4, 5, 6, 7 , 8 , 9, 10,.
Case 2 (four group case, Hall).
I,= 1 , 3, 4, 5 , 6 , 7, 8, 9, 10,
I,  = 1 , 3 , 4 , 5, 6, 7, 8, 9, 10,
l,= 1 , 3, 4, 5, 6, 7, 8, 9 , 10 ,
l,= 1 , 3, 4, 5, 6, 7 , 8 , 9, 10,.
where we have put in the omitted points 1 0, 1,) 1 z,  1 3.
PROJECTIVE PLANES OF ORDER 9 67
We drop now the assumption of the equality of all these indices. Then
there is a line 1 E {I,, 1,, I,} which has different indices at {3,4)  or {5, 6) or
{7,8}  or (9, 10).
Then using a suitable permutation in A we may assume that there are
different indices at {3,4}  and that these different indices are 1 and 2 so that
we may write for the line 1,:
1,=3, 4 ,  **a.
Now, both indices (3,3}  occur at {5,6,  7,8) on the line 1, and so we see that
we have
(a> 1,=3, 4 ,  5 ,  6 ,  .a-
or
do> I,= 3, 4, 5, 7, ***
and in (a) we have (using also (Si, lo,),  if necessary) two subcases,
(a,> I,= 3, 4, 5, 6, 7, 8, 9, 10,
(4 l,= 3, 4, 5, 6, 7, 8, 9, 10,
and in case @) using again (Si, lOi) we get four subcases,
Co,)  I,= 3, 4, 5, 6, 7, 8, 9, 10,
Co,)  I,= 3, 4, 5, 6, 7, 8, 9, 10,
Go,>  l,= 3, 4, 5, 6, 7, 8, 9, 10,
co,)  l,= 3, 4, 5, 6, 7, 8, 9, 10,
and so there are only six cases for the line 1,.
But (3,,4,)  (33,431  (3,942) (32,411  (91,921  (lo,, 1%) (50, 7,) (6,,8,)
(53y  7& (631  8h (5,, 7,) (52,  7,) (6,, 8,) (6,, 8,) sends Go,)  onto  Go,> and
(5,,9,,3,) (5,,9,,3,) (5,,9,,33)  (61,  10,,4,) (63,  10,,4,) (6,,  10,,4,)
(52y 9,, 3J (6,, l%,  4,)  (7,, 8J (7,,  8,,  7,,  8,,  7,,  8,) sends (q) onto (8,)
and so @,) and @?,) are superfluous.
Hence, we have only the following four cases for 1,:
(Type A) l,= 3, 4, 5, 6, 7, 8, 9, 10,
(Type B) 1, = 3, 4, 5, 6, 7, 8, 9, 10,
(Type C 1 lc= 3, 4 , 5, 6, 7, 8, 9, 10,
(Type D> I,= 3, 4, 5, 6, 7, 8, 9, IO,.
We see that our automorphisms of (1,)  1, ,...,  1, ) cannot change the type: at
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the pairs {3,4},  {5,6},  (7,8},  19, 10) we have in type A exactly twice equal
indices, we have in type B exactly once equal indices, we have in type C at
all four pairs different indices but each unordered pair of indices occurs
twice (1, 2 occur twice and 0, 3 occur twice) and we have in type D at all
four pairs different indices and each unordered pair of indices occurs exactly
once.
Since 1,=3,4, ..- or 1,=3,43 .--, it follows that 1, must have the
structure of one of the four types A, B, C, or D. Namely, we can send with
our automorphisms of {11,  12,..., Is}  an 1, onto 1, and the type will not be
changed. This fact will be used to reduce the number of cases for 1,.
Case (A). For I,,
l,= 3, 4, 5, 6, 7, 8, 9, 10,
and we get in this case for I,,
(A,) 1, = 3, 4, 5, 6, 7, 8, 9, 10 ,
(4) 1, = 3, 4, 5, 6, 7, 8, 9, 10 ,
(A3) l,= 3, 4, 5, 6, 7, 8, 9, 10 ,
(*I 1, = 3, 4, 5, 6, 7, 8, 9, 10,.
However, in Case A we have an automorphism of (Ii,  &,...,  I,} which
sends (A,) onto (*)  and so the case (*) is superfluous.
Case (B). For l,,
I,= 3,  4 , 5, 6, 7, 8, 9, 10,
and we may assume that 1, is not of type (A). Also, of course, we may
assume that 1, is not of type (A).
In this case we get four possibilities for l,,
(W l,= 3, 4, 5, 6, 7, 8, 9, 10 ,
R) I,= 3, 4, 5, 6, 7, 8, 9, 10,
(Bd 1, = 3, 4, 5, 6, 7, 8, 9, 10,
W) 1, = 3, 4, 5, 6, 7, 8, 9, 10,.
Case (C). For I,,
l,= 3, 4, 5, 6, 7, 8, 9, 10,
and here we may assume that no one of 1, or 1,  is of type A or B. We get
here for 1, the following 6 possibilities:
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(CA 1, = 3, 4, 5, 6, 7 , 8, 9, 10,
(CA I,= 3, 4, 5, 6, 7, 8, 9, 10,
G> I,= 3, 4, 5, 6, 7, 8, 9, 10,
(Cd> I,= 3, 4, 5, 6, 7, 8, 9, 10,
(C*> I,= 3, 4, 5, 6, 7, 8, 9, 10,
(CL4 1,  = 3, 4, 5, 6, 7 , 8, 9, 10,.
However, in Cases (C,), (C,), (C,) the line I, is of type (A) and so these
cases are out. Hence, there remain only three cases (C,), (C,), and (C,).
Case (D). For l,,
I , = 3, 4, 5, 6, 7 , 8 , 9, 10,
and here we may assume that no one of I, and I,  is of types (A), (B), or (C).
We get the following 4 possibilities for I,:
(DA I,= 3, 4, 5, 6, 7 , 8, 9, 10,
(DA I, = 3, 4, 5, 6, 7 , 8, 9, 10,
0%) I, = 3, 4, 5, 6, 7, 8 , 9 , 10,
CD41 I ,= 3, 4, 5, 6, 7, 8, 9, 10,.
However, in cases (D,), (D3), (DJ  the line I,  is of type (B) and so there
remains only one case (Dr).
With the help of a computer we get the following four semi-biplanes up to
isomorphism: “The Desargues semi-biplane,”
2, 3, 4, 5, 6, 70 8, 90 1%
2,  3, 4, 5,  6, 7, 8, 9, 10,
2, 3, 4, 5, 6, 7,  82 92 1%
2, 3, 4, 5, 6, 7, 8, 9, 10,
1,  3, 4, 5,  6, 7, 8, 9, 1%
1, 3, 4, 52 62 7, 8, 90 1%
1,  3, 4, 5, 6, 7, 8, 9, 1%
1, 3, 4, 5, 6, 7, 8, 92 1%
1,  2, 4, 5, 6, 7, 8, 9,  1%
1, 2, 4, 5, 6, 7, 80 92 10,
1,  2, 4, 5, 6, 7, 8,  9, 1%
1, 2, 4, 5,  6, 7, 82 90 10,
1,  2, 3, 5, 6, 7, 8, 9, 1%
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1, 2, 3, 5, 6, 7, 8, 9, 1%
1, 2, 32 5, 6, 7, 8, 9, 1%
1, 2, 3, 5, 6, 72  8, 9, 1%
lo 2, 32 4, 6, 7, 8, 9, 1%
1, 22 3, 4, 6, 7, 8, 9, 1%
1, 2, 3, 4, 6, 7, 82 92 1%
1, 20 3, 4, 6, 72 8, 9, 10,
1, 2, 3, 4, 5, 70 8, 92 1%
1, 22 3, 4, 52 7, 80 9, 10,
1, 23 31  4, 5, 7, 81  90 1%
1, 20 3, 4, 5, 7, 82 9, 1%
lo 22 3, 4, 5, 60 8, 9, 1%
1, 23 32 4ll %I  61  83 9, 10,
1, 2, 3, 4, 5, 62 8, 9, 10,
1, 2, 30 4, 52 6, 8, 9, 1%
4, 2, 3, 4, 5, 6, 7, 9, 10,
1, 2, 30 42 5, 60 73  9, 102
1, 20 3, 43 52 6, 70 9, 1%
1, 2, 32 4, 5, 62 7, 9, 1%
1, 2, 3, 42 5, 62 7, 80 1%
1, 2, 3, 4, 5, 6, 72  8, 1%
1, 2, 3, 40 52 60 73  8, 10,
1, 22 3, 4, 5, 6, 7, 8, 10,
1, 2, 32 4, 52 60 70 8, 9,
1, 20 3, 4, 5, 6, 7, 82 90
1, 2, 30 4, 5, 62 72 8, 9,
1, 22 3, 4, 5, 6, 7, 80 92
“The first Hall semi-biplane,”
2, 3, 4, 50 60 7, 8, 90 1%
2, 3, 4, 5, 6, 7, 8, 91  10,
2, 3, 4, 5, 6, 72  82 9, 1%
2, 3, 4, 5, 6, 7, 8, 9, 1%
1, 3, 4, 5, 6, 7, 8, 9, 1%
1, 3, 4, 50 6, 7, 8, 9, 1%
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1, 3, 4, 5, 6, 7, 80 9, 10,
1, 3, 4, 5, 6, 7, 81 90 1%
1, 2, 4, 5, 6, 70 8, 92 10,
1, 2, 4, 5, 6, 7, 80 9, 1%
1, 2, 4, 5, 6, 72 83 90 1%
1, 2, 4, 5, 6, 7, 82 9, 1%
1, 2, 3, 5, 6, 7, 82 90 10,
1, 2, 3, 5, 6, 7, 8, 9, 1%
1, 2, 3, 5, 6, 7, 80 92 10,
1, 2, 32 50 6, 7, 81 9, 10,
1, 2, 3, 4, 6, 7, 80 9, 1%
1, 2, 3, 4, 6, 7, 8,  9, 1%
1, 2, 3, 4, 6, 7, 82 90 1%
1, 2, 3, 4, 6, 7, 8, 9, 10,
1, 2, 3, 4, 5, 7, 8, 90 1%
1, 2, 3, 4, 5, 7, 82 9, 10,
12 2, 3, 40 5, 7, 8, 9, 10,
1, 2, 3, 4, 5, 7, 80 9, 10,
1, 2, 3, 4, 5, 6, 8, 9, 10,
1, 2, 3, 4, 5, 6, 80 9, 1%
1, 2, 3, 4, 5, 6, 8, 9, 1%
1, 2, 3, 4, 5, 6, 82 9, 1%
lo 2, 3, 4, 5, 63 71 93 1%
1, 2, 3, 43 5, 62 70 9, 1%
12 2, 3, 40 5, 6, 73 91 1%
1, 2, 3, 4, 5, 60 72 9, 10,
10 2, 32 40 5, 60 71 83 1%
1, 2, 3, 4, 5, 6, 70 82 1%
1, 2, 3, 4, 5, 62 7, 8, 10,
1, 2, 3, 4, 5, 6, 72 8, 10,
1, 2, 3, 4, 5, 6, 7, 8, 9,
1, 22 3, 4, 5, 6, 7, 8, 9,
12 2, 3, 43 52 6, 70 8, 9,
1, 2, 3, 4, 5, 6, 7, 8, 9,
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“The second Hall semi-biplane,”
2, 3, 40 50 6cl 70 8, %I 1%
2, 3, 4, 5, 61 7, 8, 9, 10,
22 3, 42 52 62 72 82 92 1%
23 33 43 53 63 73 83 93 103
lo 30 40 5, 6, 7, 82 93 1%
11 3, 4, 5, 6, 7, 8, 9 , 1%
1, 3, 4, 50 6, 7, 83 9, 1%
1, 3, 4, 5, 6, 73 80 9, 1%
lo 2, 40 5, 6, 7, 8, 9, 1%
1, 4 43 %I 62 7, 8, 9, 1%
13 2, 4, 5, 6, 73 82 9, 10,
1, 2, 4, 5, 6, 7, 8, 9, 10,
lo 2, 3, 5, 6, 7, 8, 9, 10,
1, 2, 3, 5, 6, 7, 8, 9, 1%
1, 2, 3, 5, 6, 7, 8, 9 , 1%
1, 2, 3, 5, 6, 70 8, 9, 1%
lo 2, 3, 4, 6, 7, 8, 9, 10,
1, 2, 3, 4, 6, 7, 8, 9, 1%
1, 2, 3, 4, 6, 7, 8, 9, 10,
1, 2, 3, 4, 6, 7, 8, 91 1%
lo 2, 3, 4, 5, 7, 8, 9, 1%
1, 2, 3, 4, 5, 7, 80 9, 1%
1, 2, 3, 4, 5, ‘3 82 9, 1%
1, 2, 30 4, 5, 7, 8, 9, 10,
lo 2, 3, 4, 5, 60 8, 9, 1%
1, 2, 3, 4, 5, 6, 8, 9, 10,
1, 2, 30 4, 5, 6, 80 9, 10,
1, 2, 3, 4, 50 6, 8, 9, 1%
lo 2, 3, 4, 5, 6, 7, 9, 10,
1, 2, 3, 40 5, 60 73 9, 103
1, 2 , 3, 4, 5, 6, 7, 9, 1%
1, 2, 30 4, 51 6, 70 9, 1%
lo 2, 3, 4, 5, 6, 7, 8, 10,
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1, 2, 3, 4, 5, 6, 7, 8, 10,
1, 2, 32 4, 5, 6, 7, 8, 1%
1, 2, 3, 4, 5, 6, 7, 8, 1%
lo 2, 3, 4, 52 6, 7, 8, 9,
1, 2, 3, 4, 50 6, 7, 8, 9,
1, 2, 3, 4, 5, 62 7, 8, 9,
1, 2, 3, 4, 5, 6, 7, 8, 9,
“The Hughes semi-biplane,”
2, 3, 4, 50 60 7, 80 9, 1%
2, 3, 4, 5, 6, 7, 8, 9, 10,
2, 3, 4, 5, 62 7, 8, 9, 1%
2, 3, 43 53 63 73 83 93 103
lo 3, 4, 51 61 72 82 93 103
1, 3, 4, 52 6, 73 83 %I 1%
1, 3, 4, 5, 6,. 7, 8, 9, 10,
1, 3, 43 50 60 7, 81 9, 1%
4-J 2, 40 5, 63 7, f-4 91 1%
1, 2, 4 , 5, 6, 72 80 9, 1%
1, 2, 4, 5, 60 7, 81 9, 10,
1, 2, 4, 50 62 7, 8, 9, 1%
lo 2, 30 53 6, 73 8, 9, 1%
1, 2, 3, 5, 60 7, 8, 9, 10,
1, 2, 3, 5, 61 7, 83 93 1%
1, 2, 3, 5, 6, 72 80 9, 1%
lo 2, 32 4, 60 7, 80 9, 10,
1, 2, 3, 4 , 6, 7, 82 9, 10,
12 2, 3, 4, 6, 72 81 91 1%
1, 2, 3, 4, 6, 70 8, 9, 10,
lo 2, 3, 4, 50 72 8, 9, 10,
1, 2, 3, 40 53 70 8, 93 1%
1, 2, 3, 41 52 7, 80 9, 10,
1, 2, 32 4, 5, 7, 82 9, 1%
lo 2, 3, 4, 50 62 80 9, 1%
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1, 2, 3, 4, 5, 6, 8, 9, 10,
1, 2, 3, 4, 5, 61 82 9, 1%
1, 2, 3, 4, 5, 6, 8, 9, loo
lo 2, 3, 4, 5, 6, 7, 9, loo
1, 2, 30 4, 5, 6, 7, 9, 1%
1, 2, 3, 4, 52 6, 72 9, 10,
1, 2, 3, 4, 5, 6, 71 9, 10,
lo 2, 3, 42 5, 6, 7, 8, loo
1, 2, 3, 4, 50 6, 72 8, 10,
1, 2, 3, 4, 5, 6, 7, 8, 1%
1, 22 3, 4, 52 6, 7, 8, 10,
lo 2, 3, 4, 52 6, 7, 8, go
1, 2, 3, 4, 5, 62 7, 8, 9,
1, 2, 3, 4, 50 6, 7, 8, 9,
1, 22 3, 4, 5, 6, 72 8, 9,.
It remains to lift a semi-biplane 57 to a projective plane P with our
homology r. Let 0 be the center of r and let
0=03,,03 2 ,***, *IO
be the axis of r. The 10 lines through 0 are:
PI =o, co,, loo, lo,, 1 10’ 1 11, 1 203 l,,, 130, l,,,
plo  = 0, co,, , lo,,,  lo,,,  lo,,,  lo,,,  102,~  1021,  1030~103~~
where the homology t operates as follows:
(id7  = ijtk+  11 for all i = 1, 2 ,..., 10, j = 0, 1, 2, 3, k E (0,  1 }
and the “outer” indices k, k + 1 are to be considered as integers mod 2.
The lift of 57 to P is made by adding the new point coi  to each of the four
lines of the ith parallel class of lines (i = 1, 2,..., 10) of 9 and by supplying
each point ij of 9 (i = 1, 2,..., 10,j = 0, 1,2,  3) with the outer index k so that
we get ijk as a point in P and k is to be considered as an integer mod 2. If s
and t are any two lines of P obtained in this way, then we have to check only
the conditions
Isntl=lsnt*I=  1.
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We obtain in this way the Desarguesian plane in the case, where ~8  is our
“Desarguesian semi-biplane”. In cases where 9 is the first or second “Hall
semi-biplane” we get two Hall planes. Observe that each Hall plane (they are
duals of each other) has exactly two conjugacy classes of homologies of
order 2 in its full collineation group. Finally, in the case where A? is “the
Hughes semi-biplane” we get the Hughes plane. Our theorem is proved.
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